Abstract. A Gröbner basis for the ideal determining mod 2 cohomology of Grassmannian G 3,n , obtained in a previous paper, is used, along with the method of obstruction theory, to establish some new immersion results for these manifolds.
Introduction
The theory of Gröbner bases is one of the most powerful tools for deciding whether a certain polynomial in two or more variables belongs to a given ideal.
An example where this problem is of particular interest is the mod 2 cohomology algebra of Grassmann manifold G k,n = O(n + k)/O(n) × O(k)
. By Borel's description, this algebra is just the polynomial algebra on the Stiefel-Whitney classes w 1 , w 2 , . . . , w k of the canonical vector bundle γ k over G k,n modulo the ideal J k,n generated by the dual classesw n+1 ,w n+2 , . . . ,w n+k .
A reduced Gröbner basis for the ideal J 2,n has been obtained in [6] . Based on that result for odd n, some new immersions of Grassmannians G 2,2l+1 were established.
In [9] reduced Gröbner bases for all ideals J k,n were determined. We use this result and the method of modified Postnikov towers (MPT) developed by Gitler and Mahowald [3] to get new immersion results. In the following, imm(G 3,n ) stands for the immersion dimension of Grassmannians G 3,n imm(G 3,n ) := min{d | G 3,n immerses into R d }.
Some lower bounds for imm(G 3,n ) were established by Oproiu in [5] , where he used the method of the Stiefel-Whitney classes, and from the general result of Cohen [1] one has an upper bound for imm(G 3,n ). In [7] it is shown that imm(G 3,n ) = 6n − 3 if n is a power of two. Now we have the following new immersion results. Again, there is a number of cases in which Theorem 1.3 improves previously known results. In particular, when n = 2 r + 2, r 3, we have an improvement by 3. In this case, using Oproiu's result and this theorem, we have 6 · 2 r − 3 imm(G 3,2 r +2 ) 6 · 2 r + 5.
In this paper we present only a proof of Theorem 1.1. The other theorems may be proved by using the same techniques.
Remark 1.1. The detailed proofs of all three theorems can be found in [8] . Actually, this paper is an abridged version of [8] . In addition to these proofs, the preprint [8] contains the already mentioned result from [7] and the construction of Gröbner bases for J 3,n . This construction is not included in this paper, since these Gröbner bases are obtained in full generality in [9].
Gröbner bases
Throughout this section, we denote by N 0 the set of all nonnegative integers and the set of all positive integers is denoted by N.
Let G k,n be the Grassmann manifold of unoriented k-dimensional vector subspaces in R n+k , and w 1 , w 2 , . . . , w k the Stiefel-Whitney classes of the canonical bundle γ k over G k,n . It is known that the cohomology algebra H * (G k,n ; Z 2 ) is isomorphic to the quotient Z 2 [w 1 , w 2 , . . . , w k ]/J k,n of the polynomial algebra Z 2 [w 1 , w 2 , . . . , w k ] by the ideal J k,n generated by the polynomialsw n+1 , . . . ,w n+k . These are obtained from the equation
For k = 3 (which is the case from now on), one has
where it is understood that a, b, c ∈ N 0 . Let n 3 be a fixed integer. We define a set of polynomials in The polynomials g m,l ∈ G for l = n + 1 and l = n are calculated directly from Definition 2.1:
Now, the following equalities may be obtained by using the well-known formula
, along with some convenient index shifting
We list a few elements from G which will be needed in the following section. One may obtain them by the repeated use of the previous equalities In the following, we will also use the fact that the set {w
is a vector space basis for H * (G 3,n ; Z 2 ) (see, e.g., [9, Proposition 13]).
Immersions
As before, let w i be the i-th Stiefel-Whitney class of the canonical vector bundle γ 3 over G 3,n (n 3) and let r be the (unique) integer such that 2
It is well known (see [5, p. 183] ) that for the stable normal bundle ν of G 3,n one has
For n 2 r − 3, by the result of Stong [10] ht(w 1 ) = 2 r − 1 and by the result of Dutta and Khare [2] ht(w 2 ) 2 r − 1. Also, w In order to shorten the upcoming calculations, we give two equalities concerning the action of the Steenrod algebra A 2 on H * (G 3,n ; Z 2 ) which can be obtained by using the basic properties of A 2 and formulas of Wu and Cartan. It is understood that a, b and c are nonnegative integers.
In the rest of the paper, it is understood that n is a fixed integer such that n 3 and n ≡ 1 (mod 8).
Proof. As above, let r 3 be the integer such that 2 r+1 < 3n < 2 r+2 . If n 2 r , then n must be 2 r + 1. So we have that 2 r+1 2n − 2. The top class in expression (3.1), (w
, is in degree 6 + 3 · (2 r+1 − n − 3) 6 + 3 · (n − 5) = 3n − 9 and (a) follows in this case.
If n < 2 r , then we actually have that n < 2 r − 2 (since n ≡ 1 (mod 8)), so formula (3.2) holds. The top class there is in degree 6 + 3 · (2 r − n − 3) and, since 3n > 2 r+1 , we have that 2 r < 3 2 n, implying 6 + 3 · (2 r − n − 3) < 6 + 3 · n−6 2 < 6 + 3 · (n − 6) = 3n − 12. This proves (a).
Parts (b) and (c) we read off from formula (3.1) (using the fact that 2 r+1 − n − 3 ≡ 4 (mod 8))
and the lemma follows. Since g m,l = 0 in H * (G 3,n ; Z 2 ), we obtain the first equality. Also,
and using the congruence n ≡ 1 (mod 8), we directly get the second equality. Similarly,
, and we are done.
is given by the following equalities:
Proof. The set {w } is a vector space basis for H 3n−4 (G 3,n ; Z 2 ). We proceed to the calculation. 
Proof. We know that the classes w 1 w 2 w n−2 3
, w = g 3,n−3 = 0,
and the lemma is proved.
In the proof of the following lemma, we shall make use of the fact that for any cohomology class u and any nonnegative integers m and k,
The case k = 1 is obtained from the Cartan formula and the rest is easily proved by induction on k. ∈ H 3n−4 (G 3,n ; Z 2 ), we have ∈ H 3n−5 (G 3,n ; Z 2 ), we have
Proof. We simply calculate:
, and the lemma is proved.
Proof of Theorem 1.1. It is well known that the Grassmann manifold G k,n is orientable if and only if n + k is even, and therefore, G 3,n is orientable (the orientability of G 3,n can also be deduced from Lemma 3.1 (b)). We shall use the theorem of Hirsch [4] 
The dimension of G 3,n is 3n, and hence, we need to lift f ν : G 3,n → BSO up to BSO(3n − 6). The 3n-MPT for the fibration p : BSO(3n − 6) → BSO is given in Diagram 1 (K m stands for the Eilenberg-MacLane space K (Z 2 , m) ).
The table of k-invariants is the following one.
According to Lemma 3.1 (a), f * ν (w 3n−5 ) = w 3n−5 (ν) = 0 and f * ν (w 3n−3 ) = w 3n−3 (ν) = 0, so there is a lifting g 1 :
Let us remark here that for every lifting g :
). This is obtained by applying g * to the relation (Sq 2 + w 2 )k
) and using Lemma 3.1 (b). We have a lifting g 1 : G 3,n → E 1 and in order to make the next step (to lift f ν up to E 2 ), we need to modify g 1 (if necessary) to a lifting g such that g * (k
By choosing a map α×β : G 3,n → K 3n−6 ×K 3n−4 = Ω(K 3n−5 ×K 3n−3 ) (i.e., classes α ∈ H 3n−6 (G 3,n ; Z 2 ) and β ∈ H 3n−4 (G 3,n ; Z 2 )), we get another lifting g 2 : G 3,n → E 1 (induced by g 1 , α and β) as the composition: 
